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Theory of Unsteady Combustion of Solids:
Investigation of Quasisteady Assumption

Maria A. Zebrowski* and M. Quinn Brewster}
University of lllinois at Urbana—Champaign, Urbana, lllinois 61801

A numerical model was developed to investigate the applicability of activation energy asymptotics
(AEA) in unsteady combustion of solids, and specifically, the quasisteady condensed phase (surface) re-
action assumption. It was found that while condensed phase global decomposition activation energies are
typically large enough for accurate prediction of steady burning rate and surface temperature by AEA,
the criterion for comparable accuracy in predicting unsteady burning rate (e.g., linear response function)
is more stringent. For realistic material properties the error in the linear response because of the quasi-
steady condensed phase reaction assumption is significant, both in magnitude and phase. The results also
show that at moderate pressures (10—100 atm), condensed phase reaction zone unsteadiness should be
considered before, or at least in conjunction with, gas phase unsteadiness. Nonlinear combustion response
was also investigated. The primary effect of nonlinearity was to convert low-frequency response (partic-
ularly that near the peak) to higher frequencies. Validation of numerical results was accomplished by
comparing the linear surface reaction response with the predictions of analysis.

Nomenclature

A = pre-exponential factor in zeroth order, condensed
phase global reaction rate expression,
Ap, exp(—E,/RT)

C = specific heat of condensed phase

E, = effective activation energy of condensed phase
decomposition reaction

E, = E.J/2

f = frequency, Hz

g = general functions in Eqs. (13) and (14)

A = fraction of g absorbed below surface reaction
zone

I = surface temperature gradient, (37/0x),-

J = dimensionless mean radiant heat flux,
g/imC(T, — Ty)]

K, = radiation absorption coefficient of condensed
phase

k = (T; - TO)(a £n r_b/aTO)p.q

k. = thermal conductivity, a.p.C

m = mass burning rate, p.7,

ml - Am ei(wt+¢)

n, = (3 €n 7519 €n @)z, (=6,/7)

P = pressure

Q. = chemical heat release by condensed phase
reaction, positive exothermic

QSC = quasisteady condensed phase reaction zone

QSHOD = quasisteady gas phase and condensed phase
reaction zone, homogeneous propellant, one-
dimensional heat feedback

QSG = quasisteady gas phase

q = absorbed radiant heat flux

ql = A q elmt

q: = conductive heat flux to surface from gas phase

R, = radiation-driven linear frequency response

function, (m'/m)/(q'/j) at constant p
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r = 3T,/3Ty),,

7y = burning rate

7, = initial temperature

T, = surface temperature

x = coordinate normal to surface, positive into gas
phase

X, = inert condensed phase heated layer
(convective—diffusive zone) thickness, a. /7,

Xr = condensed phase reactive—diffusive zone
thickness, 2RT,x./E,

x, = condensed phase radiation absorption zone
length scale, 1/K,

Y = mass fraction of unreacted solid

a, = condensed phase thermal diffusivity

B, = optical thickness (absorption only) of inert,
conduction zone, K, x,

A = amplitude of fluctuating quantity

8, = Jacobian parameter, v,r — p,k

0 = dimensionless temperature, (T — T)/(T, — Ty)

A = + (U + 4iQ)”

Mg = [T ~ To)IT,/d €n §)r,p

A = (8 €n 7319 €n @),

£ = xlx,

Pe = condensed phase density

) = response function phase angle

Q = dimensionless frequency, wo, /72, or reaction rate
term

@ = 2af, angular frequency, rad/s

Subscripts

c = condensed phase or convective—diffusive

R = reaction

r = radiation

s = surface

Superscripts )

- = steady condition or mean value

! = complex fluctuating quantity

+/— = gas or condensed phase side of surface

Introduction

HE classical theory of unsteady combustion of homoge-
neous solid propellants and energetic materials is based
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on the assumption of a quasisteady (QS) reaction zone in the
condensed phase (QSC) and a quasisteady gas phase (QSG).
In the U.S. this theory (also called QSHOD for quasisteady,
homogeneous, one dimensional) was developed in the context
of the flame modeling (FM) approach, whereas in the former
Soviet Union the phenomenological Zeldovich—Novozhilov
(ZN) approach was used. In both approaches the condensed
phase reaction description commonly employed, which tacitly
includes the QSC assumption, has been that of a surface re-
action, which condition can be formally justified by a high
effective decomposition energy of activation. Usually either a
simple (n, = 0) or modified (n, # 0) Arrhenius surface pyrolysis
relation, r, = A,p,, exp(—E,/RT,), has been used.

For all of the effort that has been expended in quasisteady
modeling (either by FM or ZN), the degree of quantitative
success in predicting experimental results has been limited.
* There are probably several reasons for this,' including uncer-
tainty regarding the validity of the QS assumptions. While sev-
eral studies have relaxed the QSG assumption,> little work
has been reported in investigating the validity of the QSC (sur-
face) reaction assumption. This is somewhat ironic since
breakdown of the QSC assumption might be expected to occur
before (at lower frequencies than) breakdown of the QSG as-
sumption,* depending on decomposition activation energy and
pressure (high pressures and high activation energies are con-
ducive to gas phase unsteadiness becoming important at lower
frequencies than decomposition zone unsteadiness).

Perhaps the first study to recognize the possible importance
of a distributed condensed phase reaction zone was that of
Culick.’ That study presented many parametric calculations
showing how condensed phase distributed reaction might af-
fect the response function. The analysis assumed spatially con-
stant heat release over a thin layer near the surface; the species
equation was not solved. This approach avoids the nonlinear
problem introduced by temperature-dependent decomposition
kinetics, but it also loses the ability to solve for the burning
rate eigenvalue. Instead, a burning rate expression (such as a
modified Arrhenius pyrolysis law) must be introduced ad hoc.
This approach also requires that additional assumptions be
made for the heat release sensitivity parameters and the de-
composition reaction zone thickness. These problems can be
avoided by formally including the species equation and an ap-
propriate reaction rate expression, and solving the eigenvalue
problem for burning rate using asymptotic methods (large ac-
tivation energy), as pointed out in a later paper (for gas phase
reaction) by Williams.® Subsequently, Lengelle et al.” devel-
oped a more rigorous model that included the species equation
‘with first-order, single-step decomposition kinetics. They also
found that allowing for distributed reaction in the condensed
phase could have a noticeable effect on the low-frequency
thermal relaxation response. More recently, De Luca and Gal-
fetti® considered the effects of distributed condensed phase re-
action on dynamic burning and on stability, in particular. They
found that distributed heat release in the high-temperature deg-
radation layer helps static (linear) stability of super-rate burn-
ing in double-base propellant, but worsens dynamic (nonlin-
ear) stability properties.

One purpose of this study was to investigate the applicability
of large activation energy asymptotics in the condensed phase
decomposition description (QSC assumption) for energetic sol-
ids by comparing numerical solutions for distributed con-
densed phase reaction with both numerical and analytical so-
lutions assuming a surface reaction. Another purpose was to
investigate the response in linear and nonlinear regimes using
sine and pulse waveform inputs. Linear stability was also ex-
amined. As a limiting case to test the QSC assumption, con-
densed phase controlled burning (adiabatic gas) was consid-
ered. Condensed phase controlled burning may be considered
an approximation of real burning under certain circumstances
such as low pressure and radiation-augmented deflagration.
Under these conditions the gas flame is far from the surface

and gas phase conductive heat feedback becomes negligible.
An additional motivation for considering the adiabatic gas case
first is that simplified models for the gas phase reaction zone
in burning solids have not been validated to the degree that
simplified condensed phase reaction models have been. A rel-
atively simple yet effective model of the condensed-phase re-
action zone, single-step, zeroth-order decomposition, was as-
sumed. (It has been shown elsewhere'®® that zeroth-order
decomposition is a good condensed phase model for NC/NG
propellants for both steady?° and unsteady' burning, whereas
the commonly assumed simple Arrhenius surface pyrolysis
model is a poor one, especially for unsteady burning.') Com-
bustion was perturbed by a time-dependent radiant heat flux
input. This allows the model to be used in conjunction with
laser-augmented laboratory tests that are being developed to
investigate the combustion mechanisms of solid propellants -
and energetic materials. Both sine waves and pulse waveforms
of radiant heat flux input were used in the unsteady simula-
tions. High accuracy was obtained using fourth-order compact

- finite differencing.

Modeling

Distributed Reaction Model

The less restrictive, distributed reaction (non-QSC) model is
presented first and the more restrictive, surface reaction (QSC)
model is presented afterward as a limiting case. The distributed
reaction model allows for description of spatial distribution of
chemical reaction in the condensed phase. Single-step decom-
position of reactant (with mass fraction Y) going to product
(mass fraction 1 — Y) is assumed with activation energy E,
and overall exothermic heat release Q.. (The initial decom-
position step is presumably endothermic, often followed by
rapid recombination reactions resulting in a net exothermic
heat release.) The value of E, is unrestricted (i.e., large acti-
vation energy is not required, although it is generally the case
for realistic parameters). Spatial variations are assumed to oc-
cur in only one direction, normal to the solid surface; the origin
of the x coordinate is attached to the burning surface with the
positive coordinate into the gas phase. Density, thermal con-
ductivity, and specific heat of the condensed phase are assumed
constant in the governing equations that follow. (The term con-
densed phase is used to recognize that there will often be lig-
uefaction of the solid near the surface; however, phase-change
effects such as latent heats and property changes, which affect
the response on the same order as the phenomenon being in-
vestigated, have not been included.) The conservation of mass
equation is

9p: | 9

2 TP =0 ®

Since constant condensed phase density is assumed, the mass
flux is independent of x,

m(e) = p.7,(t) 2
The species conservation equation is

Y oY
pe—+m—=-Q,
ot :

P Y(—», ) =1 1€))

Diffusion of species in the condensed phase has been ne-
glected, as is appropriate and customary. The rate of depletion
[Eq. (4)] of unreacted solid with mass fraction Y, is assumed
to be independent of Y (zeroth-order reaction):

Q = p,A exp[(—E_)/RT] @)



566 ’ : ZEBROWSKI AND BREWSTER

The unsteady mass flux is then given by the integral of Eq.
(3), assuming Y(0, 7) = O

0 0
Y
m(t) = pA J' e 5" dx + p, f > & )
The energy equation is
oT aT T
— + - + +
ch ot pccr b ax k ox a2 QCQ' qK exP(K x) (6)

The energy equation includes accumulation, advection, con-
duction (diffusion), chemical source, and radiation absorption
terms. The radiation absorption term is based on Beer’s law
for transport of a collimated incident radiative flux in an ab-
sorbing, nonemitting, nonscattering medium with constant ab-
sorption coefficient K,. The upstream and surface boundary
conditions are

T(—=, =T, Q)

aT\ _k (oT\ _
f; (ax> =7€: <ax):+ _f;(rb Ts: p) (8)

The surface boundary condition, Eq. (8), is an energy bal-
ance on the surface; the form shown in Eq. (8) ignores latent
heat of evaporation and change in kinetic energy. In general,
the surface temperature gradient f; must be supplied by some
model of the gas phase. For condensed phase controlled burn-
ing, an adiabatic gas is assumed; the temperature gradient on
the gas side of the interface is zero. For distributed condensed
phase reaction the temperature gradient on the condensed
phase side of the interface is also zero, f; = 0. (The chemical
heat release occurs below, not at, the surface.)

This completes the formulation of the mathematical prob-
lem. Two differential equations (species and energy) are solved
for two field variables Y(x, ¢) and T(x, #). However, since two
boundary. conditions are assumed for mass fraction, whereas
the species equation is only first-order, we can anticipate that
a solution will exist only for a unique burning rate. Thus, the
instantaneous burning rate r,(f) [or mass flux m(f)] is an ei-
genvalue of the system of equations, to be determined using
Eq. (5). In general, the solution of Egs. (3—8) requires nu-
merical methods for both unsteady [¢(z)] and steady (g = const)
conditions. However, an approximate steady-state analytical
solution exists for the case of the large activation energy,
E./RT — oo,

Steady-State Surface Reaction Solution

The condition E./RT >> 1 is satisfied to a good degree (E./
2RT, > 5) for most solid energetic materials. Under this ap-
proximation an inert convective—diffusive zone of length scale
x. = «,/7, and time scale ¢, = x./7;, = a./72 develops, followed
by a thin reactive—diffusive zone at the surface of length scale
xg = x./(E./2RT,) and time scale fz = xz/%,. It is assumed that
a fraction of the radiant flux f, is transmitted through the
reactive—diffusive zone (i.e., absorbed below the reactive—dif-
fusive zone), while the remainder 1 — f, is absorbed in the
reactive—diffusive zone (this assumption has been justified in
Ref. 9). The energy equation [Eq. (6)] in the convective—dif-
fusive zone becomes Eq. (17) (without the time-derivative
term). The steady-temperature profile in the convective—dif-
fusive zone is solved from the time-independent form of Eq.
(17) using the matching condition T =T, at x = 0 to give

8¢ = {1 - £ ~ Br)]}eXp(f) + [£JIQA = Bolexp(B,€)
)

where

fr=expl(—x)/x], x = UK,, xx=(e/T)(E/2RT,) (10)

When x, is much less than xz, all of the radiation is absorbed
in the surface reaction layer (f, = 0). Conversely, when x, is
much greater than xz, all of the radiation is absorbed below
the surface reaction layer (f, = 1).

The reactive—diffusive zone is analyzed using the time-in-
dependent form of Eq. (6) and ignoring the convective term.
This, together with matching conditions, gives the result':

_, ___ ART:piCa. exp[(—E)/RT]]
T EICT, — To) — (Q./2) — (f.g/m)]

The steady solution is completed with the addition of the en-
ergy equation (integral) with the adiabatic gas condition:

T =T, + (gImC) + (Q./O) (12)

a1

Equations (11) and (12) represent the steady burning relations
or laws, which may be written in the more general form:

f(rbv 59 TO’ P, q) - (13)
g(?b’ Tsv TOa ﬁ9 4) =0 (14)

To emphasize that burning rate and surface temperature are the
dependent variables, and initial temperature, pressure, and ab-
sorbed radiant flux are the independent variables, these general
relations may also be rewritten as,

?I; = —T';(To, ﬁa q_) (15)
T, =TTo, §: 9 (16)

which is a useful form for application of these results in the
context of ZN theory.

Surface Reaction Model

The time-dependent QSC model is based on the phenome-
nological approach developed by Soviet researchers, especially
Novozhilov," and originated by Zeldovich in 1942, This the-
ory has been called ZN theory, QSHOD theory, or the ¢, ap-
proximation. It is based on the assumptions of QSG and QSC
zones, homogeneous solid, and a one-dimensional flame (i.e.,
one-dimensional heat feedback). Thermal layer relaxation,
with time scale ¢, is the only non-quasi-steady process. The
condensed phase reaction layer and the gas phase region (if
included) are considered to respond instantly to changing ex-
ternal conditions. The condensed phase reaction layer is ap-
proximated as infinitesimally thin; condensed phase reactions
are confined to the interface between the unreacted condensed
phase and the gas phase. Therefore, the temperature of the
reaction layer is considered to be the surface temperature of
the solid. This simplification is justified when the effective
activation energy of the condensed phase decomposition is
large enough that the reaction zone is very thin relative to the
thermal layer thickness (E,/RT — ; x, >> xz — 0). The ques-
tion that has not been adequately addressed, at least for un-
steady response, is the quantitative one: how large must the
activation energy be for a given predictive accuracy? Values
of E./2RT, for typical energetic solids are 5—15. For steady
burning, it has been found that even the smallest realistic val-
ues (~5) are large enough that formulas based on activation
energy asymptotics are accurate to within a few percent for
burning rate. However, this does not guarantee similar accu-
racy for the surface reaction approximation in predicting un-
steady burning.

The surface reaction approximation eliminates the need for
solving the species equation. The mass fraction becomes a step
function, ¥ = 1 in the condensed phase (—© < x < 0) and ¥
= 0 at x = 0. The unsteady energy equation in the condensed
phase becomes

aT aT T
ch - + pccrb —=k,

ot or Py + f:9K, expK.x)  (17)
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The term for heat release in the condensed phase from chem-
ical reaction has been eliminated from the energy equation and
included in the surface boundary condition, Eq. (19):

T(—», =T, (18)
_ (9T _(A—fig Kk (oT P Qe
f.= <ax)s_ Tk Tk (ax)ﬁ e

The surface boundary condition also contains the radiant en-
ergy absorbed in the surface reaction zone. Similar to the dis-
tributed reaction model, the conductive heat flux from the gas
phase is neglected, (37/9x),. = 0. The transmissivity of the
surface reaction layer is defined as before [Eq. (10)]. In gen-
eral, it would be based on the instantaneous r, and 7, values,
although the case of constant f, (based on the mean r, and 7,
values) was also considered.

Since the assumption of an infinitesimally thin reaction layer
results in the elimination of the species equation, it would ap-
pear that a means for solving for unsteady mass flux has been
eliminated. The ZN method provides a means to determine the
unsteady mass flux. The ZN method demonstrates how a the-
ory of nonsteady combustion can be developed without de-
tailed knowledge of the combustion process, but only general
steady-state burning information.

For steady-state burning, the propellant mass flux and sur-
face temperature are given as functions of initial temperature,
radiant heat flux, and pressure by the steady burning laws, Eqgs.
(15) and (16) or Egs. (11) and (12), for the case considered
here. The ZN method consists of transforming these functional
relations using the integral energy equation

Jo = @ola)(Ts — To) — (figlk.) (20

to the following form by eliminating 7:
= m(F, B, @
T.=T(f P (22)

These functional relations have been shown to be valid on a
time-dependent basis'' under the QSC and QSG assumptions,

giving
m = m(f,, p, ) (23)
IL.=Tfop. 9 (24)

Using the ﬁme-dependeﬁt integral energy equation (with g, =
0) for surface reaction [for distributed reaction an additional
term —(1/r,)(8/89) °.. (YQ./C) dx appears on the right-hand
side]:

. .
19 Q. q
T, =T, r,,atf T dx (25)

-0

an apparent initial temperature T, can be defined

0
10 _
f; = (rb/ac)(Ts - TOa) - (frq/kc) (27)

and the unsteady burning laws [Eqs. (23) and (24)] can be
rewritten as

m = m(To,, ps q) (28)

T, = T(Tow, P, 9) 9)

For the adiabatic gas case considered here, the steady bum-
ing relations [Egs. (11) and (12)] become the following un-
steady relations:

= ART?pXCa, exp(—E,/RT,)
E{(Q./2) + [ — f)g/m]}

To, =T, = (Q/C) — (g/mC) GD

(30

Hence, the ZN method provides a means to determine
unsteady mass flux for the assumption of an infinitesimally
thin reaction layer. The surface reaction (QSC) model [Egs.
(17-19) and (30)] and the distributed reaction (non-QSC)
model [Egs. (3—8)] were both solved numerically using ex-
plicit fourth-order compact differencing.

Quasisteady Linearized Analytical Solution

For the surface reaction (QSC) model, an analytical solution
for the combustion response is available in the linear approx-
imation (Am << mi). The response function for arbitrary (but
quasisteady) gas flame and surface pyrolysis processes can be
obtained'? solving Egs. (17), (18), and (20) in the linear
approximation:

v, + 8,0 = 1) = [kf.JA — /B, + A — 1)]

R Timr—crmr1- KEJA — 1Y/AB, + A — 1)]
(32)

Equation (32) assumes f, (the surface reaction layer trans-
missivity) is a constant parameter. The steady-state sensitivity
parameters, v,, 8, r, and k, were obtained from the steady-
state burning laws [Egs. (11) and (12)] assuming constant f,:

) = dbnm
T \obng Top

-1

2
=[{1+
( q ) { E _ a-=£ }
ACT, RT, (Q..2CT)+ [(1 - £)ghaCT)
(33)
_ dénm
k= (T, — T -
T - T ( )M
1 E\ —
i (2 + RT:) (T, Ty)
= - — - = (3%
5 4 2+ EIRT)] _ Qm__
mCT, 2(1 — f)g
2+ Z i

r= (G_T,) = 1 - RT-‘
T/, , 1 _ 2mCT,
@mCT) + [Q.2CT( - f)] q

(33)

8, = vr — wk=n,r (36)
where
8 fnm a0, |7
= = -1 - —— 37
" (a en q)— [ a- ﬁ)q] é7

Results

Steady-State Results

A set of baseline parameters was selected to be representa-
tive of energetic solids in general: E, = 20 kcal/mole, A = 2
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Table 1 Steady-state results for baseline case,
E, = 20 and 40 kcal/mole

Distributed
Surface reaction reaction
E,, kcal/mole Analytical - Numerical Numerical
E. =20
75y CI/S 0.305 0.305 0.307
T, K 913.5 9134 9115
E. =40 i
Ty CIO/S 0.0900 0.0897 0.0918
T, K 1586 1586 1564

X 107 577, Q. = 100 cal/g, p. = 1.95 g/em®, a, = 0.001 cm?/s,
C = 0.3 cal/g-K, K, = 1000 cm™, § = 50 cal/cm’-s, and T, =
300 K. These parameters correspond approximately to radia-
tion-augmented ammonium perchlorate combustion, although
the intent was not to match AP. Except for variations in K,
E,, and g, these input parameters were used for all of the nu-
merical tests discussed in this article. Table 1 compares nu-
merical predictions to analytical predictions for steady-state
(constant radiant flux) burning rate and surface temperature for
the baseline case (E, = 20 kcal/mole) and for E, = 40 kcal/
mole.

The baseline (E, = 20) results for burning rate and surface
temperature are realistic for a material like AP. The E, = 40
results are not as realistic (surface temperature is too high) but
were conducted for comparison of numerical and analytical
predictions and are also included. The dimensionless activation
energy (E,/2RT,) was 5.5 and 6.5 for the E, = 20 and 40 cases,
respectively, large enough for good agreement between steady-
state surface reaction and distributed reaction results. The sur-
face reaction formulations (analytical and numerical) gave
steady burning rates and surface temperatures within 2% of
the corresponding distributed reaction values. The steady-state
parameters for the baseline case for surface reaction from Egs.
(10) and (33-37) are: v, = 0.640, §, = —0.077, r = 0.282,
k = 1.57, f, = 0.552, and J = 0.457.

Although the distributed reaction and surface reaction mod-
els gave almost identical results for steady burning rate and
surface temperature, the resulting temperature profiles are quite
different near the surface, as shown in Fig. 1. The distributed
reaction profile maintains a zero surface temperature gradient
since conductive heat flux from the gas phase is neglected,
whereas the surface reaction profile has a nonzero gradient.
The surface gradient for the surface reaction model is because
of chemical heat release and radiative energy absorbed in the
surface reaction zone. The unreacted solid mass fraction profile
and normalized reaction rate for the distributed reaction case
are also shown in Fig. 1. The reaction zone is confined to a
region <20 pm in thickness near the surface (the scaling es-
timate x = x,/(E./2RT,) gives a value of 6 um).

Linear Stability of Steady-State Burning

Linear stability of the considered system was investigated
for the surface reaction case. Novozhilov' solved for stability
criteria assuming g = 0. Later, Son et al.* investigated stability
for § # 0 and arbitrary absorption coefficient, but particularly
the limits of surface absorption and in-depth absorption. In this
study the stability of the surface reaction model was investi-
gated in greater detail for an arbitrary reaction layer transmis-
sivity. The stability criterion is a nonlinear relationship be-
tween the r and k sensitivity parameters, which must be solved
by iteration."

Figure 2 presents the stability boundaries for the baseline
case and several variations. The limiting cases of an opaque
propellant (X, — %, x, << Xz, f, = 0) and a transparent pro-
pellant (K, = 0, x, >> x,, f, = 1) form an envelope of space
within which the intermediate opacity cases fall. [Note that
x, >> xg is sufficient for f; — 1, that is only the reaction layer
need be optically thin. However, the limit being considered

B S s e e o S|
900 | —
[ —----X(x)t_il_'suihutedreacﬁon
800 - Q(x)/Q(0) distributed reaction 0.8
200 E T(x) distributed reaction
F — — - T(x) surface reaction fr 0.6 Yor
TX 600 5 0/00)
E 0.4
300 F 0(0)=607 glem’s k
400 | i o2
300: [ T Lesald | f’i....{o
0016 0012  -0.008 -0.004 0

x (cm)

Fig.1 Steady temperature, mass fraction, and reaction rate pro--
files for baseline case (E, = 20 kcal/mole, A =2 x 10" 57, Q. =
100 calig, p. = 1.95 g/em®, o, = 0.001 cal/g, C = 0.3 calg-K, K, =
1000 cm ™, § = 50 cal/em®-s, and T, = 300 K).

X <X B g5 calen?s ¢ q50
— = =X >>x,J=0434 ---eee- q=5 -----g=50
----- X >>x, J=0.233 ® ¢g=10.875 —----q=10.875
1 L A
[ . / . ;7
[ Stable /’ R /1
08 [ / / .
3 VR 4. St
| K - T 50 (1000)
3 * . 11(1000)
0.6 | 50 5 .7, 5 (1000) ]
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Fig. 2 Stability boundaries and operating points. Numbers in-
dicate absorbed flux § in cal/em’-s and (in parentheses) absorption

coefficient K, in em™".

here is that the heated layer x, (>>xz) is also optically thin,
which is more severe.) For the transparent limit (K, < 10 cm™
is sufficiently small for the baseline parameters] the stability
boundary depends on the flux J; two transparent cases are
shown, 4 = 5 cal/cm®s (J = 0.233) and § = 50 cal/cm®s (J =
0.434). As g increases from 5 to 50 cal/cm’-s, the stable region
decreases in r-k space. However, it is important to note that
this does not mean that the effect of increasing mean radiant
flux is necessarily that of destabilizing the system. System sta-
bility also depends on how the actual operating r and k values
of the system vary with mean flux. For the condensed phase
controlled system considered here, it was found, as discussed
later, that the effect of increasing mean flux on the parameters
(k in particular) was to promote stability of the system.

The stability boundary for the baseline case (7 = 50 cal/cm’-
s, K, = 1000 cm™, f, = 0.552) is seen to fall between the
opaque and transparent limits in Fig. 2. The actual r-k oper-
ating values for the baseline case (r = 0.2823 and k = 1.5720)
are indicated by the diamond symbol and show that the base-
line case is linearly stable. Numerical results showed that for
the baseline case the distributed reaction model was also stable
(recall that this analysis is based on the quasisteady surface
reaction model).

The effect of mean flux on stability was examined by re-
ducing the mean flux from 50 to 5 cal/cm®-s. The effect on the
stability boundary is to shift it to the right in Fig. 2 (increasing
the stable region in r-k space) as discussed previously for the
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transparent limit. (The § = 5 cal/cm’s case is almost indistin-
guishable from the opaque limit because for K, = 1000 cm™
the reaction layer transmissivity f, = 0.064 is so small.) The
effect on the k parameter is to increase from 1.572 (for 50 cal/
cm?-s) to 2.334 (for 5 cal/cm’-s). This increase in k shifts the
system into the unstable region (square symbol).

_ These results demonstrate that a value for radiant heat flux
exists between 5-50 cal/cm’-s, where the operating point is
located on the stability boundary. This point can be calculated
by solving the steady-state surface reaction model equations
for mass flux [Eq. (11)], energy [Eq. (12)], and sensitivity
parameters [Eqgs. (33—37)] with the stability criterion equation.
This point was found to occur at § = 10.875 cal/cm’-s with
J. = 0.258. Since f, is small, this stability boundary is also close
to the surface absorption limit.

An interesting observation relative to double-base propellant
combustion can be made by substituting relevant parameters
into the present model. (An adiabatic. gas condition might be
considered a rough, first approximation, since studies have
. shown that below 100 atm the conductive heat feedback is

small, although probably not negligibly so, compared to the

condensed phase heat release in NC/NG systems.') The fol-
lowing parameters were altered from the baseline values: § =
5 cal/cm®s, A = 1el17 s7', E, = 40 kcal/mole, Q. = 100 cal/g,
K, = 1000 cm™, and p, = 1.6 g/cm’. The analytical steady
results for this system are 7 = 0.311 cm/s and T, = 614 K.
This increases the nondimensional activation energy to E./
2RT, = 16.4. For these conditions the sensitivity parameters
are r = 0.5446 and k = 4.945. This value of temperature sen-
sitivity parameter k is. very high. It is apparent from the r-k
values that the system is unstable (Fig. 2), even though a
steady-state solution exists. For this case both numerical codes
(surface and distributed reaction) exhibited unstable behavior.
Other parameter variations were investigated, but a set of sta-
ble, realistic double-base parameters was not found for the
adiabatic gas model. Usually k& was too large. It has been
noted’® that this intrinsic instability associated with the high
activation energy condensed phase controlled system may be
eliminated by gas phase conductive heat feedback. Even a
small (relative to the condensed phase heat release) amount of
gas phase heat feedback appears to be responsible for linear
stability in what would otherwise be an intrinsically unstable
system.

No stability investigation was attempted for the distributed
reaction model. For the conditions considered in this study the
distributed reaction model was found to be either stable or
unstable according to the behavior of the surface reaction
model. It is acknowledged, however, that distributed reaction
could have an impact on stability, as discussed by De Luca
and Galfetti.?

Quasisteady Linear Response

The QSC linear response function is given in Figs. 3 (mag-
nitude) and 4 (phase) for the baseline case. The constant f;
analytical solution [Eq. (32)] is shown by the solid lines. As
seen in Fig. 3, the response magnitude peaks at approximately
60 Hz (the scaling estimate from ¢, = x./%;, = o,/ 7, is 93 Hz).
At this frequency the period of the disturbance is approxi-
mately the same as the period or residence time of material in
the heated layer ¢, the burning rate and radiant heat flux are
in phase as indicated by the zero crossing in Fig. 4. The burn-
ing rate leads the radiant heat flux input at frequencies below
the peak and lags above.

Numerical results for the QSC linear response are also pre-
sented in Figs. 3 and 4. Any numerical simulation of transient
homogeneous propellant combustion should be able to match
the analytic solution in the linearized, quasisteady limit. Such
comparison is an important step in validating the numerical
simulation. In this study numerical validation in the linearized,
quasisteady limit was conducted using both pulse and sine
wave inputs. The sine inputs had an amplitude of Ag = 1 cal/
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cm®s, with a mean heat flux of § = 50 cal/cm®s, and fre-
quencies ranging from 40 to 600 Hz. The results for the con-
stant f, numerical-surface reaction model are shown in Figs. 3
and 4 (X symbols). The numerical results match the analytical
results as they should. Linearity of the numerical calculations
was verified by changing the sine wave input amplitude and
receiving the same response function. Grid independence was
also verified. Periodic pulse inputs (pulse trains) were also in-
vestigated numerically. The output for these cases was spec-
trally analyzed [fast Fourier transform (FFT)] and gave the
sanzle response for sufficiently small pulse amplitudes (<1 cal/
cm’-s). :

The numerical simulation was also tested at a higher acti-
vation energy (E, = 40 kcal/mole) and over a range of
absorption coefficients (100-10,000 cm™"). The sinusoidal in-
put frequency was 50 Hz with an amplitude of Ag = 1 cal/
cm’s. As seen in Table 2, the numerically calculated response
(constant f,) matches the analytical response. Good agreement
was obtained between numerical and analytical predictions for
QSC (surface reaction) response over a range of absorption
coefficients, high- and low-activation energies, and for all fre-
quencies. Again, these results (E, = 40) are included, not be-
cause they simulate any real material necessarily, but mostly
because they demonstrate agreement between the numerical
simulation and a closed-form analytic solution, and this agree-
ment is necessary for validating and establishing confidence in
the numerical representation.

The previous results were based on the assumption that f;
was a constant parameter [see discussion following Eq. (19)].
The results for variable f, for the baseline case are shown in
Figs. 3 and 4 (square symbols). The largest deviation from the
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Table 2 Quasisteady linear response function for E, = 40 kcal/mole at f = 50 Hz

Analytical, Numerical, Numerical,

f, = const fr = const f # const
K,, l/cm £ IR,| &, deg |R,| ¢, deg IR,| é, deg
100 0.8632 0.360 —1344 0.359 —134.1 0.454 -135.0
400 0.5183 0.853 —104.4 0.860 —103.5 1.158 —99.0
750 0.2739 1.004 -91.3 1.008 —90.0 1.263 —86.9
1,000 0.1727 1.033 —87.8 1.034 —88.0 1.249 —85.5
10,000 0 1.050 —84.7 1.056 -85.0 1.056 —83.7

constant f; case is in the magnitude; phase is relatively unaf-
fected. Comparisons were also made for the higher activation
energy case (40 kcal/mole) over a range of absorption coeffi-
cients as shown in Table 2. As in Fig. 3, the results of Table
2 show that the magnitude of the response | R,| is greater when
f; is allowed to vary. The relative difference in R, between
constant f, and variable f, is greatest for intermediate values
(f; ~ 0.5). This is because for either the opaque (f, = 0) or
translucent (f; = 1) limits, the value of f, becomes insensitive
to r, and T,, and the distinction between variable and constant
/. becomes irrelevant.

Non-Quasi-Steady Linear Response

To investigate the effect of the QSC assumption on linear
response, the distributed reaction (non-QSC) model was ex-
ercised and the predictions compared with those of the surface
reaction model for the baseline case. The results are shown in
Figs. 3 and 4 as circle symbols. Figure 3 shows that the dis-
tributed reaction response magnitude. is lower than both of the
surface reaction responses, particularly near the peak. Since
the constant f, quasisteady response is closer to the exact dis-
tributed response, this may be taken as an indication that con-
stant f; is a better assumption for the QSC approach, at least
for this set of parameters. Even so, the QSC assumption over-
predicts |R,| by 30% near the peak. The response phase also
exhibits significant deviation. Figure 4 shows that at frequen-
cies above 100 Hz, the quasisteady assumption significantly
overpredicts the amount of phase lag. An estimate of the fre-
quency at which the QSC assumption should begin to break
down can be obtained from t; = x/7; = t./(E./2RT,) as f; =
1/tg = 512 Hz. Thus, the non-QSC results show that the QSC
model exhibits significant error (30%) in response magnitude,
even at frequencies well below fz, and that at frequencies as
low as one-fourth f; (100-120 Hz in the present calculations)
the phase is beginning the deviate significantly. The error in
phase can be seen to get progressively worse with increasing
frequency; the phase evidently will not recover as frequency
becomes very high (where additional error because of the QSG
assumption will begin to enter). The fundamental reason for
the response difference between the surface reaction (QSC)
and distributed reaction (non-QSC) cases is the difference in
their temperature profiles. As seen in Fig. 1, the two cases
have significantly different profiles (gradients) near the sur-
face, even though T, is essentially the same. This difference
has a significant effect on the unsteady response, as seen in
Figs. 3 and 4.

There are two important implications of these findings. One
is that for realistic energetic material properties, the effective
condensed phase activation energy is usually large enough that
an activation energy asymptotic description (which for steady
state doesn’t have to be, but can be, thought of as a surface
reaction description), accurately predicts the primary steady
dependent variables, namely, 7, and T,. However, if the surface
reaction assumption is extended to time-dependent behavior
(i.e., QSC assumption) for the same parameters, the high ac-
tivation energy (surface reaction) description is not nearly as
accurate. Apparently, the criterion for application of activation
energy asymptotics is more severe for unsteady than steady
burning. A second important implication is that breakdown of

the QSC assumption will occur at lower frequencies and with
greater consequence than has been expected. Graphic evidence
of this can be seen in Fig. 4, which shows that if the response
was taken to be the pressure-coupled response (just for the
sake of illustration), in the 360-600 Hz range, the QSC model
would predict acoustic damping by the combustion response,
whereas the non-QSC model predicts negligible or only slight
positive in-phase response.

It can be argued that the first conclusion above about ac-
curacy of AEA in steady vs unsteady burning (which has been
based on a condensed phase reaction model), might be ex-
tended to the gas phase flame zone and to conditions where at
least partial control of the burning rate by gas phase reaction
occurs. Activation energy asymptotics have been applied to the
gas phase reaction zone, giving formulas'® similar to Eq. (11).
It is reasonable to expect such formulas to be much less ac-
curate in their description of unsteady burning than steady
burning. For example, for a gas phase dimensionless activation
energy of 10, the steady burning rate predicted by AEA would
probably be accurate to within a few percent whereas the linear
response function predicted by activation energy asymptotics
(AEA) (i.e., QSHOD theory) would probably not be better
than 20-30% accurate. The fundamental reason, as stated pre-
viously, is that the temperature gradient, which is critical for
unsteady calculations, is not as well represented by AEA as
the temperature itself. Support for this argument can be found
from two studies, which relaxed the QSG assumption, but re-
tained the QSC assumption. Tien® used numerical methods that
allow arbitrary gas phase activation energy, and Clavin and
Lazimi® used AEA analysis that assumes large gas phase ac-
tivation energy (see Fig. 9 of Ref. 3). At low pressure (p./p,
= 1000), where the condensed and gas phase thermal response
peaks are widely separated in frequency, the low-frequency
(condensed phase thermal) peak was nearly identical between
the two AEA models [non-QSG (Ref. 3) and QSG]; however,
Tien’s numerical model (E,/RT, = 10) differed significantly.
The explanation that a nondimensional activation energy of 10
isn’t big enough seemed’® ‘‘not entirely satisfactory for justi-
fying such a large difference.”” The results presented here sug-
gest otherwise: a nondimensional activation energy of 10 may
be large enough to expect a few percent accuracy from AEA
for steady burning rate, but not for unsteady burning rate.

The results of Figs. 3 and 4 showing the error associated
with the QSC assumption for the adiabatic gas case suggest
that a similar comparison should be done including conductive
heat feedback from a gas flame. Limited calculations have
been done using the gas-phase controlled burning AEA model
of Williams'® and these are discussed in Ref. 17. The essential
results are the same, that at f ~ fz/4 the response begins to
deviate from the QSC model. Further investigation including
gas phase effects is needed.

Nonlinear Response

Nonlinear behavior was investigated by using large ampli-
tude sine and pulse inputs. Even though the usual definition
of response function is not applicable to a nonlinear system,
the linear definition was applied to the nonlinear case by spec-
trally decomposing (using FFT) the periodic output and assum-
ing a linear response. For a sine wave input at f, the output is
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periodic with components at f, 2f, 3f, ..., etc. The response
for large amplitude sine inputs was calculated as if the system
was linear and the output component at f was the only com-
ponent. For periodic pulse inputs, the input contains frequency
components at the pulse frequency f and the harmonics, 2f,
3f, ..., etc. The input at f can produce output at 2f, 3f,
4f, ..., etc. The input at 2f can produce output at 2f, 4f,
6f. . .., etc. Thus, the output at any given frequency can result
from the input at that frequency, or possibly some higher fre-
quency. The response was calculated assuming the output at
any given frequency was caused by the input at that frequency
only. (This simulates what is sometimes done experimentally
when a pulse input, preferably of small amplitude, is used to
excite multiple frequencies and the data are spectrally analyzed
assuming a linear response.) All of the nonlinear results pre-
sented here are for the baseline case parameters (mean heat
flux of 50 cal/cm®-s). Both surface (constant £;) and distributed
reaction models were tested.

Sine input results for the surface reaction model are shown
in Figs. 5 and 6. The amplitude of the input heat flux is 50
cal/cm®-s, the same as the mean heat flux. The response is quite
linear for frequencies above 200 Hz. However, for frequencies
near the peak (60 Hz) a significant portion of the response is
being shifted to higher harmonics as indicated by the reduction
in magnitude, from 2.8 to 1.3 at the peak.

Pulse input results for the surface reaction model are shown
in Figs. 7 and 8. The amplitude of the input heat flux pulses
was varied from 2 to 100 cal/cm’s (only the 12.5-100 cases
are shown, however). The frequency of the pulses, 50 Hz, and
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pulse width, 2e-3 s, were held constant. For small pulse am-
plitudes (<5 cal/cm®-s), the calculated response function ap-
proaches the linear response (more so for smaller amplitudes).
As pulse amplitude increases, the calculated response deviates
more from the linear response. Near the 60-Hz thermal con-
duction peak, the calculated response magnitude decreases be-
low the linear response as pulse amplitude increases. This in-
dicates that response is being shifted away from the 50-Hz
input to higher frequencies, as was also seen in the sine tests
(Fig. 5). At frequencies above 100 Hz, the calculated response
magnitude is generally higher than the linear response, more
so for larger pulse amplitudes. In particular, a secondary peak
forms near 450 Hz and a third forms near 900 Hz, both of

which are absent in the linear response. ‘

The secondary peak at 450 Hz might be thought attributable
to a condensed phase reaction layer response, since the char-
acteristic frequency for the condensed phase reaction layer is
512 Hz. Such secondary peaks have been observed in laser-
recoil response measurements.'*'® However, this assignment is
inconsistent with both the inertialess surface reaction assump-
tion that was used in these calculations and with the absence
of a peak near 450 Hz for the large amplitude sine input sim-
ulations (Fig. 5).

The reason for the second and third peaks seen in Fig. 7
probably has to do with the spectral content of the input signal.
The sine waves that make up the input pulse train have max-
imum amplitude at the pulse frequency f; as frequency in-
creases amplitude decreases monotonically to a local minimum
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at the frequency of the inverse pulse width, 1/¢,,; then ampli-
tude increases and decreases again to another local minimum
at 2/t,,, etc. The frequency of the secondary peak, 450 Hz,
corresponds closely to the inverse pulse width, 1/¢,, = 500 Hz.
Since the response function is calculated assuming linearity,
i.e., the output at 450 Hz is all because of input at 450 Hz,
the input used in calculating R, at 450 Hz is very small. The
output at 450 Hz, however, is augmented by the high-fre-
quency harmonics resulting from lower frequency Fourier
components of the input. Therefore the indicated peaks at 450
and 900 Hz are probably because of nonlinear output at higher
harmonics generated by lower frequency input.

Nonlinearity was also manifested in the mean burning rate
for the pulse tests of Figs. 7 and 8. For amplitudes less than
5 cal/cm’-s, there was less than 0.1% difference between the
mean burning rate and the linear (constant flux) value. For
amplitudes greater than 5 cal/cm’-s, the mean burning rate de-
creased noticeably from the linear value as the pulse amplitude
increased. For a pulse input with a frequency of 50 Hz and an
amplitude of 50 cal/cm’-s, the percent difference between
mean burning rate and the linear value was 4.35%. For a pulse
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fect of pulse width and frequency (surface reaction model, Ag =
100 cal/cm’-s).
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amplitude of 100 cal/cm®-s, the percent difference increased to
12.9%.

Simulations conducted with variations in pulse width and
pulse frequency verify the preceding explanation for the high-
frequency nonlinear response peaks. Figures 9 and 10 show
the calculated response for Ag = 100 cal/em’s, f,, ranging
from 7.5e-4 s to 2.5e-3 s, and pulse frequencies of 50 and 80
Hz. In each case, where a peak would be expected at 1/¢,,,, 2/
t,w, €tc., a peak appeared. Pulse frequency had only a minor
effect, as shown by the results for ¢,, = 2e-3 s and frequencies
of 50 and 80 Hz.

The simulations described previously for the surface reac-
tion case were also performed for distributed reaction. The
same general trends were observed in both cases. Figures 11
and 12 show the distributed reaction results for pulse input
with Ag = 100 cal/cm®-s, #,, ranging from 7.5e-4 s to 2.5e-3
s, and pulse frequencies of 50 and 80 Hz (the distributed re-
action analog of Figs. 9 and 10). The responses show multiple
peaks: a low-frequency thermal relaxation peak, a secondary
peak at 1/1,,, and multiple peaks thereafter, which are har-
monics of the second peak. The magnitude of the responses
was the main difference between the two models.
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Conclusions

Comparison of surface and distributed reaction models for
condensed phase controlled burning raises questions about the
accuracy of the high activation energy, quasisteady reaction
assumption in the condensed phase. While typical condensed
phase activation energies (E./2RT, > 5) are large enough for
accurate (within 2%) prediction of steady burning rate and
surface temperature by activation energy asymptotics, the cri-
terion for comparable accuracy in predicting unsteady burning
rate (e.g., linear response function) appears to be much more
stringent. For typical condensed phase properties, the error in
linear response magnitude because of the QSC assumption is
as large as 30% at the thermal relaxation peak. Error in the
response phase becomes noticeable at frequencies as low as
one-fourth the characteristic condensed phase reaction layer
frequency and approaches 60% as the frequency approaches
the characteristic condensed phase reaction layer frequency.
These results confirm what has been suggested by earlier stud-
ies, that condensed phase reaction layer inertia may play a
significant role in the combustion response of energetic solids.
They also suggest that at moderate pressures condensed-phase,
reaction-layer inertia should be included before (at lower fre-
quencies than), or at least in conjunction with, gas-phase in-
ertia. Further consideration of non-quasi-steady condensed
phase reaction effects is needed, particularly for pressure-
driven unsteadiness, including gas phase conductive heat feed-
back.

Nonlinear response was also investigated. The primary ef-
fect of nonlinearity was to convert low-frequency response to
higher frequencies. One interesting consequence of this behav-
ior is that if pulsed test data, which are of sufficient amplitude
to excite a nonlinear response, are spectrally analyzed assum-
ing linearity, a multiple-peaked response function is obtained,
with the frequency of the higher peaks correlating with pulse
width. This observation is significant because secondary re-
sponse peaks have been observed in pulsed laser-recoil exper-
iments. Note, however, that not all secondary peaks are nec-
essarily because of a nonlinear response. Violation of QSHOD
assumptions can also result in secondary linear response peaks.
The data of Ref. 18, in particular, which exhibited a secondary
peak, were verified to be linear and must therefore be because
of some real physical effect that violates QSHOD assumptions.

Finally, note that no suggestion is being made here that ther-
mal radiation is an important coupling mechanism in combus-
tion instability in solid rocket motors (it may or may not be).
Pressure fluctuation is probably the most important coupling
mechanism in most circumstances. What is at issue is not the
type of disturbance driving the unsteadiness, it is the accuracy
of activation energy asymptotics analysis in modeling such
processes. The results of this article call into question widely
accepted assumptions in that regard. If the QSC (surface re-
action) assumption introduces a significant degree of error in
radiation-driven unsteady burning rate predictions, it can easily
do the same for pressure-driven unsteady burning.”” The key
is not the driving mechanism, but the error in the temperature
profile. That error can carry over to pressure-driven unsteady
burning."”
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